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1. 1NTRoDucT10~ 
The Lotka-Volterra equations, in population dynamics, have been the 
subject of several researchers in the recent years. Among them, the com- 
petition model system considered by Schoener [S] has the distributing 
aspect so that where species densities are low, the average growth rates are 
high. There are other modifications of Lotka-Volterra competition systems 
proposed by Ayala et al. [l] and Gilpin and Ayala [2] which are non- 
resource-specific but are capable of showing convergence to equilibrium. 
In this paper we consider a two-species ystem in which the first species 
would fare better in the absence of the second and the second is dependent 
on the first as it is to survive. That is, we are dealing with two species host 
parasite systems in which the parasite depends for subsistence on a single 
species of host and can not turn to an alternative food source. 
In Section 3 we give a method for the convergence of the solutions of the 
prey-predator competitive system with a set of sufficient conditions. The 
theory of ecological competition modelled by the system in this paper is 
neither specific about the resource of the prey competed for nor specific 
about how the prey acquire and utilize the resources. 
2. THE MATHEMATICAL MODEL 
The classical theory of ecological competition between two species is 
modelled by a system of equations of the form [4] 
fil(t) = Nl(t)Ca, - bINI - c,NAt)l 
&dt) = NZ(t)C -4 + c2Nl(t) - hNAt)l, 
(2.1) 
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where N,(r), N2( t) denote the population densities of two competing 
species at time t and a,, h,, C, (i = 1, 2) are positive constants. The 
parameter a, is the net growth rate per individual of the host species in the 
absence of the parasite. This rate of increase is diminished by the inter- 
action with parasite N,. The parasite population on the other hand 
dwindles to nothing in the absence of the host, since reproduction is then 
impossible. Parasite increase is directly proportional to the number of hosts 
present. There are several methods by which the asymptotic behaviour (as 
I + co) of the solutions of (2.1) can be studied with N,(O)>O, N,(O) >O. 
In the next section we give a set of sufficient conditions for 
N,(O)>O+ lim N,(r)=N,*, i=l,2 
,-Cc 
to hold, where NF (i= 1, 2) is the equilibrium point. We assume that the 
two species do not over exploit or over kill each other (as measured by c, 
and cz). The presence of the terms b,, b, denote the intraspecific inter- 
ference while those c,, c2 denote interspecific interference. 
The possible steady states of (2. I ) are E,, E, , E,, and E, given by 
E, = (N: > NT), 
where 
NT= a,b,+ec,. N:= alc2-azbl 
b,b,+c,c,’ b,b,+c,c,’ 
(2.2) 
It may be noted that if 
a,b,+a,c,>O and a,c,-a,b, >O (2.3) 
then NT > 0, NT > 0. 
Now our aim is to find under what conditions, if E, exists, the steady 
state E,: (NY, NT) is globally attractive, in the sense that 
N,(O)>O+ lim N,(t)=N,*, i= 1,2. (2.4) r-x 
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3. METHOD OF CONVERGENCE 
In this section we establish a set of sufficient conditions under which all 
solutions of (2.1) with positive initial values will converge as t + cc to a 
positive equilibrium point of (2.1). 
THEOREM 3.1. Assume that the constants ai, h,, and ci (i= 1, 2) are 
positive. Suppose the following hold 
cIa2 alclc2 a,+--->- 
62 bib, 
cla2 alclc2 1 a2 a,+--- 
b, b,b2 ,‘a,. 1 
(3.1) 
(3.2) 
Then the equilibrium point E, : (NT, Nz) of (2.1) defined by (2.2) exists and 
all solutions OJ (2.1) have the following behaviour 
Ni(0)>O= lim N,(z)=N,*, i= 1, 2. ,-CC 
Proof: Conditions (3.1) and (3.2) can easily be kept in a more simple 
form as 
a,b,+c,a,>O and a,c,-a,b, >O. 
This will imply the existence of E ,:(N:,N:),N,*>O(i=l,2).Itiseasy 
to establish that all solutions of (2.1) are defined on (0, co) and Nj( t) > 0 
on (0, co) when Ni(0) > 0 (i = 1, 2). Using such a positivity of the solution 
of (2.1) and the property of logistic growth one can show that [3] for any 
E~ > 0 there exists t, > 0 satisfying 
N,(t)< U\“= II F+Q 1 1 
9 tat,. (3.3) 
N,(t)< U\“= c (-a,+r,U/‘))~+~ 1 2 2 
Our aim is to derive sequences of upper and lower estimates of the solu- 
tions of (2.1) and then show that such sequences of upper and lower 
estimates converge to the positive steady state under conditions (3.1) and 
(3.2). We start by choosing E, > 0 and corresponding t, > 0 such that 
a,-c,V2’>0 
CI[a,-c,UI;)]~>a2 
(3.4) 
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The positivity of such a choice of E, > 0 satisfying (3.3) and (3.4) is guaran- 
teed by (3.1) and (3.2). Having selected E, > 0, t , > 0, we choose a2 > 0 such 
that 
and 
c2 < min[$, E,] 
1 
[a, -c, u:“] --Eez>O 
b, 
[ 
(3.5) 
+c,u+z, ;-:>o. 
I 1 
The possibility of choosing E* satisfying (3.5) is a consequence of (3.4). It 
will now follow that 
~*(t)>Nl(t)[a,-cc,u~2’-bb,N,(f)] 
Aqt) > N2(t)[ --a, + c2 uy - b,N,(t)] 
t2 t, 
leading to the existence of a t, > t, for which 
N,(t) > L\” = 
1 
[a,-c,Uy’]--E2>0 
b, 
t>t,. (3.6) 
N,(t)>Ly’= [-a,+C,L:“l;-?>O’ 
Now we have from (2.1) and (3.6) that 
iir,(t)<N,(t)[a,-c,L~2’-b,Nl(t)] 
zii2(t)<N2(f)[-a2+c2L~“-b2N2(t)]’ 
tat,. 
We also note that there exists t, > tz and s3 > 0, a3 < min[ l/3, s2 J such that 
N,(t)<U!“=[n,-c,L12’]$+s, 
1 
N,(t)<U:2’=[-~*+C2u:~)]~+~ 
t> t,. (3.7) 
2 2 
The positivity of the estimates Ui”, Up) are verified as 
>a,+--!e2C’ Cl02 ’ 
b, b, 6, 
>o (by he first of (3.4)) (3.8) 
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up -uz+c,u:“= --a,+c, 
[ 
(u,--r,L:“)++a, 
1 1 
1 
> -a, + c2 (a, -cl u’,“, jy 
1 I
>o (by the second of (3.4)). (3.9) 
Now using the upper estimates in (3.7), we derive a set of lower estimates 
as before. First we need the following verification for further discussion: 
a,-c,uy=ul-Cl (-u,+c,U’l’)~+~ 
2 6, 2 1 
>a,-c, (-u2+cIuy);+$] 
l 
>a,-c, (-u,+c,uy);+g 
[ 
> a, - Cl u(*’ > 0 I (by the first of (3.4)). (3.10) 
Define m$’ ), my’ as 
m:“=[u,-cJy]$ 
1 (3.11) 
Now 
mi2)= --a, + c2[a, -cl Uy’] $ 
I 
= --a,+c, 
[ 
(a, - ci uy’) ;I 
I 
>o (by the second of (3.4)). (3.12) 
From (3.10)-(3.12) it follows that there exists a positive Ed < min[1/4, Ed] 
satisfying 
m”‘-E4>0 2 
(3.13) 
C-a,+c,(m~’ -&‘+)I p>o. 
2 2 
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Using the upper estimates in (3.7) we have 
N,(r)>N,(t)[m, --I’, uy-b,N,(t)] 
J+,(f)> N*(t)[-u* + c*uy-b,N*(r)]’ 
From (3.14) and (3.13), there exists t4 > t, such that 
N,(r) > Li” = 
1 [a, -c, u:*y --Ecq>O 
b, 
N*(r)>L~~=[-a*+c,L:“l~-~>o 
2 2 
Thus we have 
t > t,. (3.14) 
t>t,. (3.15) 
Lf) < NJC) < uy, i= 1, 2, t> t, 
L:” < Ni( t) < Uf’, i= 1,2, t> t,. 
And also note that 
uf)-u(12)= (--a,+c20:“);+2 
[ 2 2 I 
- (--a,+c,zy)~+~] 
[ 
<F [U:‘)- 
2 
Q”] +yL,() 
Ly’-L’,l’= (a,--c,Ci+4 
L 1 1 
- (a,-c,u+2]~ [ 1 
+ C-52 - E‘$] > 0 
(3.16) 
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Thus we have 
LI’)<L:L’<N,(z)<U:l)<U(1” 
L’,*’ < Lf’ < N,(t) < Uy’ < U’,*’ 
t> t‘$. (3.17) 
Now repeating the above procedure we can have 
Lj” < L:” < L:” < . . <L(j) < N.(t) < U(j) 
II n 
< . . . < q) < u”’ < u(r) 
2 1 2 i= 1, 2, t> t2n, (3.18) 
where 
up= [-a2+c2up,;+fy, n = 2, 3, 4, ,.. (3.19) 
2 
L(l)= [a -q U(2)] L& n 1 ” b, 2n 
p=[-a,+c2L”‘]L-E2” I ’ b, 2’ 
n = 1, 2, 3, . . . . (3.20) 
By the choice of Ed (k = 1, 2, 3, . ..) we know that Ck + 0 (since &k c l/k) as 
k + co. Also monotone sequences Vi’ and Lr) converge to positive limits 
as n -+ co, we let 
and 
L’*)= lim LF), i= 1,2. (3.21) 
n - 92 
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We have 
Cl02 ClCZ~l 
’ , “;c2 
=a,+------- - u’2’ 
b2 b,b, +b,b, * 
b, tJC2) = - a2 -t c2 U’” * * 
b, L;‘= a, -c, U”’ * 
cla2 Cl c2a1 
2 
ClC2 
=a,+--- - L’2’ 
b2 h,b2 +b,b, * 
b LC2’= -a,+c,L(*I’. 2 * 
Under the hypothesis of our theorem, the linear system, 
a,-6,x-c,y=O 
-a2+c2x-b,,v=O 
(3.22) 
(3.23) 
(3.24) 
(3.25) 
(3.26) 
has a positive solution E, : (NT, NT) which is unique such that NT > 0, 
N;>O. 
We can easily verify that (NT, N * 2), given by (2.2) satisfy the relations 
(3.22) to (3.25), satisfied by Ua), U(*2’, Lt’, L’,z’. The uniqueness of (3.26) 
shows that {.?I, , (I) Vf’} and {L, , .+ ) (‘I LC2’ are also the positive equilibrium 
points of (2.1) and by uniqueness of such an equilibrium, we have 
L(f) = u”’ = N,* * * I 3 i= 1, 2. 
We derive from (3.18) 
that 
Nr= lim L!,“< lim N,(t)< lim Uj:)=N,*. 
n-m ,402 n--t% 
Thus we have lim,,, N;(t)= NY. 
This completes the proof. 
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4. DISCUSSION 
The system (2.1) represents one of many possible generalizations of the 
classical botka-Volterra model of two competing species. We have 
illustrated by an analysis of the model (2.1) that a mechanism by which 
two competing species depending one on the other can have equilibrium 
persistence. Here the competition involves interspecific and intraspecific 
interactions. By the method of asymptotic estimates ufficient conditions 
are derived for the two species system to converge as t + co to a positive 
equilibrium point. 
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